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On Thompson’s conjecture for finite simple groups
I. B. Gorshkov 1
Abstract: Let G be a finite group, N(G) be the set of conjugacy classes of the group G. In
the present paper it is proved G ≃ L if N(G) = N(L), where G is a finite group with trivial
center and L is a finite simple group.
Keywords: finite group, simple group, group of Lie type, conjugacy classes, Thompson
conjecture.
Introduction
Consider a finite groupG. For g ∈ G, denote by gG the conjugacy class of G containing g, and
by |gG| the size of gG. The centralizer of g inG is denoted by CG(g). Put N(G) = {n | ∃g ∈ G
such that |gG| = n} \ {1}. In 1987 Thompson posted the following conjecture concerning
N(G).
Thompson’s Conjecture (see [44], Question 12.38). If L is a finite simple non-
abelian group, G is a finite group with trivial center, and N(G) = N(L), then G ≃ L.
A more general question can also be formulated. When the property of equality sets of
conjugacy classes sizes of two groups with a trivial center implies an isomorphism.
We say that the group L is recognizable by the set of conjugacy classes size among finite
groups with a trivial center (briefly recognizable) if the equality N(L) = N(G), where G is
a group with trivial center, implies an isomorphism L ≃ G. Obviously, any group having a
non-trivial center is not recognizable. However, it is easy to show that S3 is recognizable.
Thus, the condition of solvability is not a necessary condition for recognizability. As an
example of an non-recognizeble group, we can take a Frobenius group of order 18. There
exists two non-isomorphic Frobenius groups of order 18 and they have the same sets of
conjugacy classes sizes. The question of the existence of the group L such that there exists
an infinite set of groups {Gi, i ∈ N} with trivial center such that N(L) = N(Gi), where
i ∈ N, is open. The set N(L) is closely connected with the order of the group L, and
sometimes precisely determines it, which essentially limits the possibilities for constructing
an infinite series of groups with a trivial center and the same set of conjugacy classes size.
We denote by ω(G) and pi(G) the set of elements orders in G and the set of all prime
divisors of orders of G respectively. The set ω(G) defines a prime graph GK(G), whose
vertex set is pi(G) and two distinct primes p, q ∈ pi(G) are adjacent if pq ∈ ω(G). The
greatest power of a prime p dividing the natural number n will be denoted by np. The
number pn such that there exists α ∈ N(G) is a multiple of pn and there is no β ∈ N(G)
that is a multiple of pn+1 is denoted by |G||p. If pi ⊆ pi(G) then |G||pi =
∏
p∈pi |G||p. To
shorten the notation, we introduce the following notation |G|| = |G||pi(G). Note that the
definitions of the number |G|| are correct and (|G||)p = |G||p. We have |G||p divides |G|p for
any p ∈ pi(G).
Take a group L with trivial center and disconnected prime graph GK(L). In [20] it is
proved that if N(L) = N(G) for any group G with trivial center then |G| = |G|| = |L|.
However, in the general case the equality |L| = |L|| may not hold. An example of a group
G with a trivial center such that |G| > |G|| is constructed in [14].
1The work was supported by RFBR 18-31-00257.
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The question of recognizability is most interesting for simple groups. One of the first
groups for which the proof of recognizability was the sporadic group whose prime graph
has more than two connected components, see [18]. In [19], using previous results, it is
proved that any sporadic group is recognizable. In [48] it is proved that almost sporadic
groups are also recognizable. In [49] end [42] obtained the classification of finite simple
groups with disconnected prime graph. Using this deep result Chen [20, 21] established
the Thompson’s conjecture for all finite simple groups with prime graph have more then
two connected components. In the last 10 years, the recognition of a large number of
simple groups. However, the results were of a partial nature. Until 2009, the prime graph
of any group for which the recognition was proven was disconnected. In [37] was shown
the recognition of groups with a connected prime graph, in particular Alt10 and L4(4) are
recognizable. In [1], the proof of the validity of the Thompson’s conjecture for all simple
Lie groups of type An(q) is completed. In article [51] showed that Thompson’s conjecture
holds for finite simple exceptional groups of type E7(q). In [33] showed that Thompson’s
conjecture holds for F4(q) for odd q, E6(q),
2E6(q). As corollary of thats resaults we obtain
that Thompson’s conjecture has been proved valid for all exceptional group of lie type. In
seryes articles [7,28–32,36,37,40,41] it was proved that Thompson’s conjecture holds for all
simple alternating groups. Recognizability of simple groups 2An(q) is proved in [6]. In [5]
and [2], the recognizability of the groups Bn(q) and Cn(q) is proved. The prime graph
2B2
has 4 connected components and recognition of that’s groups was proved in [20]. In [24], the
recognizability of the groups Dp+1(2) and Dp+1(3) is proved, where p is a prime. In [4], the
Thompson’s conjecture was proved for groups of type Dn(q) where n 6∈ {4, 8}. The validity
of the conjecture for the groups 2Dn(q) was proved in [3]. The graph of prime numbers of
the groups 3D4(q) is disconnected, the validity of the conjecture for these groups was proved
in [22]. Thus, to complete the proof of the validity of Thompson’s conjecture, it is necessary
to prove the recognizability of the groups D4(q) and D8(q) where q > 3.
Theorem 1. The groups D4(q) and D8(q) are recognizable.
As a corollary of the theorem and the results obtained earlier, we obtain the following
assertion.
Corollary 1. Thompson’s conjecture is hold.
1 Notation and preliminary results
If n is a nonzero integer and r is an odd prime with (r, n) = 1, then e(r, n) denotes the
multiplicative order of n modulo r. Fix an integer a with |a| > 1. A prime r is said to be
a primitive prime divisor of ai − 1 if e(r, a) = i. We write ri(a) to denote some primitive
prime divisor of ai−1, if such a prime exists, and Ri(a) to denote the set of all such divisors.
Zsigmondy [52] proved that primitive prime divisors exist for almost all pairs (a, i).
Lemma 1. (Zsigmondy). Let a be an integer and |a| > 1. For every natural number i the set
Ri(a) is nonempty, except for the pairs (a, i) ∈ {(2, 1), (2, 6), (−2, 2), (−2, 3), (3, 1), (−3, 2)}.
For i 6= 2 the product of all primitive divisors of ai−1 taken with multiplicities is denoted
by ki(a). Put k2(a) = k1(−a). The number ki(a) is said to be the greatest primitive divisor
of ai − 1.
It follows from [46] that for i > 2,
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ki(a) =
|Φi(a)|
(r,Φi
{r}′
(a))
where Φi(x) is the i-th cyclotomic polynomial and r is the largest prime dividing i; moreover,
if i{r}′ does not divide r − 1 then (r,Φi{r}′ (a)) = 1.
As a special case of this assertion, we obtain the following lemma.
Lemma 2. If q is a power of prime then:
1. k3(q) = (q
2 + q + 1)/(3, q − 1)
2. k4(q) = (q
2 + 1)/(2, q + 1)
3. k6(q) = (q
2 − q + 1)/(3, q + 1)
4. k7(q) = (q
7 − 1)/(q − 1)(7, q − 1)
5. k14(q) = (q
7 + 1)/(q + 1)(7, q + 1)
Lemma 3 ( [30, Lemma 1.4]). Let G be a finite group, K E G and put G = G/K. Take
x ∈ G and x = xK ∈ G/K. The following claims hold
(i) |xK | and |xG| divide |xG|.
(ii) If L and M are neigboring members of a composition series of G, L < M , S =M/L,
x ∈M and x˜ = xL is an image of x, then |x˜S| divides |xG|.
(iii) If y ∈ G, xy = yx, and (|x|, |y|) = 1, then CG(xy) = CG(x) ∩ CG(y).
(iv) If (|x|, |K|) = 1, then CG(x) = CG(x)K/K.
(v) CG(x) ≤ CG(x).
Lemma 4 ( [27, Theorem 5.2.3]). Let A be a pi(G)′-group of automorphisms of an abelian
group G. Then G = CG(A)× [G,A].
If pi is a set of primes, then npi denotes the pi-part of n, that is, the largest divisor k of n
with pi(k) ⊆ pi; and npi′ denotes the pi
′-part of n, that is, the ratio |n|/npi.
Let G be a group, a ∈ G. We denote by aG the conjugacy class of the group G containing
the element a, IndG(a) is the index of CG(a) in the group G. Let p, q be distinct numbers.
We say that the group G satisfies the condition {p, q}∗ (for brevity we will write G ∈ {p, q}∗)
if for any α ∈ N(G) we have α{p,q} ∈ {|G||p, |G||q, |G||{p,q}}.
Lemma 5 ( [34, Corollary]). Let G ∈ {p, q}∗ be a group with trivial center, where p, q ∈ pi(G)
and p > q > 5. Then |G|{p,q} = |G||{p,q} and CG(g) ∩ CG(h) = 1 for any p- and q-elements
g and h, respectively.
Define the following function on positive integers:
η(k) =
{
k if k is odd
k/2 if k is even
Now we introduce a new function in order to unify further arguments. Namely, given a
simple classical group L over a field of order q and a prime r coprime to q, we put
ϕ(r, L) =
{
e(r, εq) if L = Aεn(q)
η(e(r, q)) if L is symplectic or orthogonal
For a classical group L, we put prk(L) to denote its dimension if L is a linear or unitary
group, and its Lie rank if L is a symplectic or orthogonal group.
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Lemma 6 ( [39, Lemma 2.12]). Let L be a simple classical group over a field of order q and
characteristic p, and let prk(L) = n ≥ 4. If r ∈ pi(L) \ {p}, i = e(r, q), and n/2 < ϕ(r, L) ≤
n, then L includes a cyclic Hall subgroup of order ki(q).
Lemma 7 ( [17, Section 5.1.7]). Let L be a simple group of Lie type in characteristic p,
L ≤ G ≤ Aut(L). The group G contains an element h such that (IndG(h))p′ = |G|p′.
Lemma 8. If S ≤ A ≤ Aut(S), where S is a non abelian simple group, then |A| = |A||.
Proof. We show that |A|p = |A||p for any p ∈ pi(A). To do this, we need to show that
there exists α ∈ N(A) such that αp = |A|p. Assume that S is a simple alternating group
of degree n. If n < 100, then the statement is checked with [26]. Suppose that n ≥ 100.
Lemma [30, Lemma 1.11] implies that the interval Ω = [n/2..3n/4] contains two prime
numbers. Hence Ω contains a prime number t different from p. Let g ∈ A be an element of
order t. Then CA(g) ≃ 〈g〉×R, where R is an alternating or symmetric group of degree n−t.
Therefor R contains an element h such that (IndR(h))p = |R|p. Thus, (IndA(gh))p = |A|p.
Assume that S is a group of Lie type over field in characteristic t. Lemma 7 implies
that S contains a unipotent element g such that pi(CA(g)) = {t}. Therefore, if p 6= t then
|IndA(g)|p = |A|p. Assume that p = t. The set pi(S) contains a number r that is not adjacent
in GK(S) with p (see [38]). Let h ∈ A is an element of order r. We note that cetraliser
of every external automorphism of the group S no contain an element of order r. Hence
(IndA(h))p = |A|p.
Lemma 9. [8, Theorem 1] Let G be a finite group, and let p and q be different primes. Then
some Sylow p-subgroup of G commutes with some Sylow q-subgroup of G if and only if the
class sizes of the q-elements of G are not divisible by p and the class sizes of the p-elements
of G are not divisible by q.
Lemma 10. [45] Let G be a finite group and p a prime, p 6∈ {3, 5}. Then G has abelian
Sylow p-subgroups if and only if |xG|p = 1 for all p-elements x of G.
Lemma 11. Let S ≤ A ≤ Aut(S), where S is a simple group of Lie type, H ∈ Sylp(A),
where p > 5 is a prime number. If for every α ∈ N(A) we have |α|p ∈ {1, |H|}, then |H|
divides S or |H| divides A/S.
Proof. Lemma 8 imply that |A| = |A||. In particular |A||p = |A|p. Therefor (IndA(x))p = 1
for any p-element x. It follows from Lemma 10 that the Sylow p-subgroups of A is abelian.
Assume that p divides |S| and |A/S|. Take a p-element x ∈ A such that x acts on S as an
outer automorphism. We have CS(x) includes a some Sylow p-subgroup of S. The graph
GK(CS(x)) contains a vertex t such that t is not adjacent to p see [38] and a description of
the centralizers of outer automorphisms of groups of Lie type. Hence, there is an element
y ∈ CS(x) of order t such that (IndCS(x)(y))p = |CS(x)|p. Thus, |S|p ≤ (IndA(xy))p < |A|p;
a contradiction.
Lemma 12. Let S ≤ A ≤ Aut(S), where S ≃ S(q) is a simple group of Lie type over a
field of order q = pn where p is prime, H is a Hall pi-subgroup of A, where pi ⊆ pi(A) and
{2, 3, 5} ∩ pi = ∅. If for every α ∈ N(A) we have |α|pi ∈ {1, |H|}, then |H| divides S or |H|
divides A/S.
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Proof. It follows from Lemma 11 that for any t ∈ pi, |A|t divide one of the numbers |S|
or |A/S|. Assume that there exists numbers a, b ∈ pi such that a divides |S| and b divides
|A/S|. Take a b-element x ∈ A. Since b does not divide |S|, we see that x acted on S as a
fields automorphism of S. We have CS(x) ≃ S(p
m), where m is a non trivial divisor of n.
The graph GK(CS(x)) contains a vertex r that is not adjacent to a see [38]. Hence, there
exists an element y ∈ CS(x) such that (IndCS(x)(y))t = |CS(x)|t and 1 < (IndA(xy))pi < |H|;
a contradiction.
Lemma 13. Let L be a group of Lie type over a field of order q and characteristic p,
H ∈ Sylt(L), where t > 5 is prime. If for any α ∈ N(L) we have |α|t ∈ {1, |H|} then H is
a cyclic or L ≃ A1(t
n) where n > 1.
Proof. Lemma 8 implies that |L| = |L||. Therefor (IndL(x))t = 1, for any t-element x. It
follows from 10 that a Sylow t-subgroup of L is abelian. A Sylow p-subgroup of L is abelian
iff L ≃ A1(q). Note that if t 6= p ∈ pi(A1(q)) \ {2}, then the Sylow t-subgroup of A1(q) is
cyclic. We assume that L 6≃ A1(q), and hence p 6= t.
Assume that L is a classical group. From the description of the cyclic structure of tors
of the finite simple groups see [9], it follows that L contains an element of order kϕ(t,L)(q).
If ϕ(t, L) > n/2, then from Lemma 6 it follows that the t-subgroup of L is cyclic. Assume
that ϕ(t, L) ≤ n/2. Then |L|t > |kϕ(t,L)(q)|t. Let r = |kϕ(t,L)(q)|t, k = |kϕ(a,L)(q)|a, where a
is a prime number such that ϕ(a, L) = n/2 − 1 if ϕ(t, L) = n/2 and ϕ(a, L) = n − ϕ(t, L)
otherwise. From the description of the spectra of finite simple groups it follows that L
contains an element h of order r.k. Therefor (IndL(h
r))t < |L|t, and hence (IndL(h
r))t = 1.
Thus, the centralizer of any t-elements contains an element conjugate to hr. Let T < L be
a tors having the cyclic structure ϕ(t, L) + ϕ(t, L), x ∈ T is a t-element, y ∈ CL(x) ∩ (h
r)L.
Since t, a 6= p, then in L concludes a maximal torus X such that xy ∈ X . Hence X has the
cyclic structure ϕ(t, L) + ϕ(t, L) + ϕ(a, L) > n. It follows from [9] that L contains no torus
with such a cyclic structure; a contradiction.
If L is an exceptional group of Lie type, then the lemma follows from [25].
Lemma 14. Let L be a simple group, L < G ≤ Aut(L), H ∈ Sylt(L), where t > 5 is prime.
If |H| divide |G/L| then H is cyclic.
Proof. Since t > 5, we see that L is group of Lie type. From the fact that t does not divide
|L|, it follows that H is a subgroup of the group of field automorphisms. The group of field
automorphisms of the group L is cyclic and hence H is cyclic.
Lemma 15. [4, Corollary 13] Let r ∈ R2(n−1)(q), r1 ∈ Rn(q), r2 ∈ Rn−1(q) and r3 ∈
R2(n−2)(q), L = Dn(q), d = (q
n − 1, 4).
(i) If x ∈ L \ {1}, then either (IndL(x))r = |L|r or (IndL(x))r < |L|r and one of the
following holds:
• IndL(x) = |L|d/(|GU(n−1)/m(q
m)|(q + 1)), where (n − 1)/m is an odd number and if
q = 3 and n is an even number, then m 6= 1;
• IndL(x) = |L|d/(α|GUn(q)|) , where n is an even number and, if q = 3, then α = 2, if
q 6= 3 and (q + 1)2 > 2, then α ∈ 1, 2 and otherwise, α = 1;
• (q, n) 6= (3, 2u) (u ∈ N) and IndL(x) = 2|L|d/(|GO
−
2(n−1)(q)|(q + 1));
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• q ≡ −1(mod4) and IndL(x) = |L|d/(|GO
−
2(n−1)(q)|(q + 1));
(ii) if n is odd and x1 ∈ L \ {1}, then (IndL(x1))r1 = |L|r1 or (IndL(x1))r1 < |L|r1 and
there exists a divisor m1 of n such that IndL(x1) = |L|d/(|GLn/(m1)(q
m1)|. In particular, if
q ∈ {2, 3, 5}, then m1 6= 1;
(iii) if n is even and x2 ∈ L \ {1}, then (IndL(x2))r2 = |L|r2 or (IndL(x2))r2 < |L|r2 and
one of the following holds:
• IndL(x2) = |L|d/(|GL(n−1)/m2(q
m2)|(q− 1)), where m2 is a divisor of n− 1. In partic-
ular, if q ∈ {2, 3, 5}, then m2 6= 1;
• q 6∈ {2, 3} and IndL(x2) = |L|d/(α|GLn(q)|), where if (q − 1)2 > 2 and q 6= 5, then
α ∈ {1, 2}, if q = 5, then α = 2 and otherwise, α = 1;
• q 6∈ {2, 3, 5} and IndL(x2) = 2|L|d/(|GO
+
2(n−1)(q)|(q − 1));
• q ≡ 1(mod4) and IndL(x2)| = |L|d/(|GO
+
2(n−1)(q)|(q − 1));
(iv) if n ≥ 6 is even and x3 ∈ G \ {1}, then either (IndL(x3))r3 = |L|r3 or IndL(x3)|r3 <
|L|r3 and one of the following holds:
• IndL(x3) = α|L|d/(|GO
ε
2(n−1)(q)|(q − ε1)), where α|2 under conditions mentioned in
(i, iii) and ε ∈ {+,−};
• IndL(x3) = |L|d/(αβ), for some divisor α of |Ω
−
4 (q)| and β ∈
{|GU(n−2)/m3(q
m3)|, |GO−2(n−2)(q)|, |GO
−
2(n−2)(q)|/2}, where (n − 2)/m3 is an odd
number;
• IndL(x3) = |L|d/q
2(n−1)|SP2(n−2)(q)|;
• IndL(x3) = |L|d/|GUn/2(q
2)|, where n/2 is an even number.
Lemma 16. [1, Lemma 2.6] Let G(q) be a simple group of Lie type in characteristic p,
then |G(q)| < (|G(q)|p)
3.
Lemma 17. If G(q) be a simple group of Lie type in characteristic p, then |Aut(G(q))| <
(|G(q)|p)
3,5.
Proof. The assertion of the lemma follows from the description of the orders of automorphism
groups of finite simple groups of Lie type and Lemma 16.
Lemma 18. Let G(q) be a simple group of Lie type in characteristic p, t ∈ pi(G(q)) \ {p}.
The group G(q) contains an element h such that (IndG(q)(h))p = |G(q)|p and (IndG(q)(h))t <
|G(q)|t.
Proof. It follows from the description of the spectra of finite groups of Lie type see [10–13]
that G(q) contain an element h such that t ∈ pi(|h|) and G(q) no contain en element of order
|h|p. Hence |CG(q)(h)| is not divisible by p and (IndG(q)(h))p = |G(q)|p.
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2 Proof the Theorem for groups D4(q)
Proposition 1. Let L = D4(q), where q = p
n. If G is a group with trivial centre and
N(G) = N(L) then G ≃ L.
Proposition is proved for q = 2 and q = 3 see [24]. We will assume that q > 3.
Lemma 19. G ∈ {r3(q), r6(q)}
∗
Proof. Take h ∈ L such that (IndL(h))ri(q) < |G|ri(q) where i ∈ {3, 6}. Since ri(q) and p
are not adjacent in GK(L), see [38], then h is a semisimple element. Hence h lies in some
maximal torus T of L. It follows from the description of the orders of maximal torus of L
see [16] that (IndL(h))Ri(q) = 1 and (IndL(h))Ri′ (q) = |L|Ri(q), where i
′ ∈ {3, 6} \ {i}. We
have L ∈ {r3(q), r6(q)}
∗. Since N(G) = N(L), we obtain G ∈ {r3(q), r6(q)}
∗.
Lemma 20. A Hall R3(q)-subgroup and R6(q)-subgroup of G exists and abelian.
Proof. Note that 2, 3, 5 6∈ R3(q) ∪ R6(q). It follows from Lemmas 19 and 5 that for any
r ∈ R3(q) ∪ R6(q) a Sylow r-subgroup of G is abelian. Hence for any r-element h we have
(IndG(h))r = 1. It follows from Lemma 15 that (IndG(h))Ri(q) = 1, where i such that
r ∈ Ri(q). It follows from Lemma 9 that the Hall Ri(q)-subgroup exists and abelian.
Lemma 21. The group G includes a normal subgroup K such that S ≤ G = G/K ≤ Aut(S),
where S is non abelian simple group, and |G| is a multiple of k3(q)k6(q).
Proof. Let G˜ = G/O(R3(q)∪R6(q))′ . Suppose that G˜ include non-trivial solvable minimal nor-
mal subgroup X . We have pi(X) ⊆ Ri(q), where i ∈ {3, 6}. Take a Hall Rj(q)-subgroup H
of G˜, where j ∈ {3, 6} \ {i}. Therefor XH is a Frobenius group with kernel X . Hence
N(G˜) contains a number is multiple of |X|. It follows that |X| divides ki(q). Since
X is a Frobenius kernel of XH , we obtain |X| − 1 is multiple of |H|. It follows from
|H| = |G|Rj(q) ≥ |L|Rj(q) = kj(q) that kj(q) divides ki(q); a contradiction with Lemma 2.
Let R be the socle of G˜. We get that R = S1 × ...× Sk, where S1, ..., Sk are non abelian
simple groups. Assume that k > 1. It follows from the definition that the order of Sh
is multiple of some number of R3(q) ∪ R6(q), for every 1 ≤ h ≤ k. Note that ω(G˜) ⊆
ω(G). Hence R contains no element of order tr, where t ∈ R3(q) and r ∈ R6(q). Thus,
pi(R) ∩ (R3(q) ∪ R6(q)) ⊆ Ri(q), where i ∈ {3, 6}. The S1 contains an element g such
that (IndR(g))R3(q)∪R6(q) = |S1|R3(q)∪R6(q). We have 1 < (IndS1(g))R3(q)∪R6(q) < |R|R3(q)∪R6(q).
Similarly, as in Lemma 8 we can shows that |R| = |R||. In particular |R|R3(q)∪R6(q) >
(IndR(g))R3(q)∪R6(q); using Lemma 3 we get a contradiction.
Thus k = 1 and R ≤ G˜ ≤ Aut(R), where R is a simple group. Since |G|R3(q)∪R6(q) =
|G˜|R3(q)∪R6(q) we get k3(q)k6(q) divides |G˜|.
Let S, G and K be similar as in Lemma 21.
Lemma 22. |Out(S)| is not a multiple of k3(q) and k6(q).
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Proof. Assume that there exists i ∈ {3, 6} such that ki(q) divides |Out(S)|. Since ri(q) > 5,
we get S can not be isomorphic to a sporadic group or an alternating group. Hence S is a
group of Lie type over a field of order l = tr of characteristic t. From Lemmas 8 and 3 it
follows that |S| divides |G||. Since |G|| = |L||, we obtain |S| divides |L|. In particular, for
any k ∈ pi(S), we have |S|k ≤ |L|k.
Suppose that S is a group of exceptional Lie type. From 2, 3 6∈ Ri(q), it follows that
ki(q) divides order of the field automorphisms group of S. Hence l ≥ t
ki(q). It follows from
Lemma 2 that ki(q) ∈ {(q
2 − q + 1)/(3, q + 1), (q2 + q + 1)/(3, q − 1). Note that for any
k ∈ pi(L), we have |L|k < |L|p and |L|p = q
12. If S 6≃ 2G2(l) then |S|t > l
4. Since q > 3, we
have |S|t ≥ t
4ki(q) > q12 = |L|p; a contradiction. If S ≃
2G2(l), and l > 2 or q > 4, then we
obtain |S|t > |L|p. Assume that l = 2, q = 4. Then 43 ∈ pi(S) \ pi(L); a contradiction.
Assume that S is a classical group of Lie type and ki(q) divides order of the fields
automorphism group. If |S|t > l
3, then similarly as above we get a contradiction. Assume
that |S|t = l
3, then S is isomorphic to one of the groups A2(l) or
2A2(l). If t > 2 or q > 4,
then |S|t > |L|p; a contradiction. We get t = 2, q = 4. In this case k3(4) = 13, k6(4) = 7. If
l ≥ t13, then we obtain |S|t > |L|p; a contradiction. Hence l = t
7 and 127 ∈ pi(S) \ pi(L); a
contradiction.
Assume that |S|t = l
2. Therefor S is isomorphic to 2B2(r). If q > 5 or t > 3, then
|S|t > |L|p; a contradiction. Assume that t = 3 and |S|t ≤ |L|p. Then 1093 ∈ pi(S) \ pi(L); a
contradiction. Assume that t = 2, then 127 ∈ pi(S) \ pi(L); a contradiction.
Assume that |S|t = l. Hence S is isomorphic to A1(r). From the fact that |S|t ≤ |L|p
it follows that q < 11. Analyzing all possible variants similarly as above we arrive at a
contradiction.
Thus, there exists ri(q), such that ri(q) divides order of the diagonal automorphisms
group of S. In this case, S is isomorphic to one of the groups Aεm(l) where ε ∈ {+,−}.
We have ri(q) divides (n + 1, l − (ε1)). It is easy to shows that in this case |S|t ≥ |L|p; a
contradiction.
Lemma 23. The number |G|/|S| is not a multiple of ri(q), where i ∈ {3, 6}.
Proof. Assume that there exists ri(q) ∈ pi(|G|/|S|), where i ∈ {3, 6}. Take a Hall Ri(q)-
subgroup H of G. We have for every h ∈ G, (IndG(h))Ri(q) = 1 or (IndG(h))Ri(q) = ki(q).
Using Lemma 12, we obtain |H| divides |S| or |G|/|S|. Since ri(q) divides |G|/|S|, we see
that ki(q) divides |G|/|S|; a contradiction with Lemma 22.
Lemma 24. R4(q) ∩ pi(K) = ∅.
Proof. Assume that R4(q) ∩ pi(K) 6= ∅. Let ˜ : G → G/OR4(q)′(K) be a natural homomor-
phism, R < G˜ be a minimal normal subgroup. Take h ∈ G such that pi(|h|) ⊆ R6(q). It
follows from Lemma 23 that h ∈ S, where h ∈ G is the image of the element h. By the
definition we have |pi(R)∩R4(q)| 6= ∅. If R is not solvable, then it is easy to show that R con-
tains an R4(q)-element x such that (IndG˜(x))R3(q) < |G|R3(q) and (IndG˜(x))R6(q) < |G|R6(q).
We have pi(|x|) ∩ pi(OR4(q)′(K)) = ∅. It follows from Lemma 3 that G contains y such that
(IndG(y))R3(q)∪R6(q) = 1; a contradiction with the fact that G ∈ {r3(q), r6(q)}
∗ and Lemma
5. Hence, R is an elementary Abelian r-group, where r ∈ R4(q). Assume that CR(h) > 1.
Let x ∈ CR(h). Then (IndG˜(x))R6(q) = 1. It follows from Lemma 15 that for any α ∈ N(G)
such that αR6(q) = 1, we have αR4(q) = |L|R4(q). Therefor (IndG˜(hx))R4(q) = (IndG˜(x))R4(q).
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Thus CG˜(h) contains a some Sylow r-subgroup of CG˜(x). In particular, h acts trivially on
R. Since R is normal subgroup of G˜, we obtain any element conjugate with h acts trivially
on R. In particular, the minimal preimage H < G˜ of S acts trivially on R. If |S|R3(q) > 1,
then G contains an element y such that IndG(y)R3(q)∪R6(q) = 1; a contradiction. Thus, |G/S|
is a multiple of k3(q); a contradiction with Lemma 22.
Therefor CR(h) = 1. Thus, |R| divides IndG˜(h). Since (IndG˜(h))r ≤ |L|r, we obtain
|R| ≤ (k4(q))
2. The group H acts faithfully on R. Hence |R| − 1 ≥ |H|. From Lemma 23
we get that |H| ≥ 4k3(q)k6(q) > (k4(q))
2; a contradiction.
Lemma 25. The group S is not isomorphic to an alternating group.
Proof. Assume that S ≃ Altm for some m > 5. From Lemmas 21 and 24 it follows that
|G| is a multiple of (k4(q))
2k3(q)k6(q). Since |Out(S)| ≤ 4 and |S| is a multiple to 3 and
4, we obtain |S| is divisible by 12(k4(q))
2k3(q)k6(q) = (q
2 + 1)2(q4 + q2 + 1). From Lemma
20, we have that a Halls R3(q)-subgroup and R6(q)-subgroup of S are abelian. Lemmas [35]
and [47] implies that a Hall pi-subgroup of Altm is abelian only if |pi ∩ pi(Altm)| = 1. Hence
|R3(q)| = |R6(q)| = 1, and m ≥ max((q
2 + q + 1)/(3, q − 1), (q2 − q + 1)/(3, q + 1)). If
q ≥ 5, then |S| > |L|. Hence S contains an element h such that IndS(h) does not divide
any number from N(L); a contradiction. If q = 4 then R4(q) = {17}. Hence m > 34 and
|S| > |L|; a contradiction.
Lemma 26. The group S is not isomorphic to any of the sporadic groups.
Proof. The assertion of the lemma follows from the fact that (q2 + 1)2(q4 + q2 + 1) divides
|G|, |G| divides |L| and [23].
Lemma 27. (R1(q) ∪ R2(q)) ∩ pi(K) = ∅.
Proof. Assume that there exists r ∈ (R1(q) ∪ R2(q)) ∩ pi(K). Let R = Or′(G), X E K/R
be a minimal normal subgroup. Assume that S ≃ A1(t
m), where t ∈ R3(q) ∪ R6(q). We
have |G| ≤ 2mtm(tm − 1)2, |S|t = kj(q) where j ∈ {3, 6}. It follows from Lemmas 21 and
24 that |G| is divisible by (k4(q))
2k3(q)k6(q); a contradiction. Hence S 6≃ A1(t
m) where
t ∈ R3(q) ∪R6(q).
It follows from Lemmas 13 and 14 that for any t ∈ R3(q) ∪ R6(q) a Sylow t-subgroup of
G is cyclic. It follows from Lemma 20 that a Hall R3(q)-subgroup and R6(q)-subgroup of G
are cyclic. Let i = 3 if r ∈ R1(q) and i = 6 if r ∈ R2(q), H ∈ HallRi(q)(G/R). It follows from
Lemma 15 that if r 6= 2 then for any x ∈ H we have (IndG/R(x))r ≤ 1/4(q + (−1)
e)2, and
(IndG(x))r ≤ 4(q+(−1)
e)2 if r = 2, where e ∈ {1, 2}. Let h be the generating element of H ,
and let x ∈ H be an element of order t ∈ Ri(q). From Lemma 4 it follows that X = CX(H)×
[X,H ]. Hence (IndX(h))r ≥ |[X,H ]|r. For any x ∈ H , we have that X 6= CX(x). Therefor
|[X,H ]| > |H|. If r 6= 2 then |IndX(h)|r| ≥ |[X,H ]| > |IndG/R(h)|r; a contradiction. If
r = 2, then (IndS(h))2 ≥ 4, hence (IndG/R(h))2 ≥ 4|[X,H ]|; a contradiction.
From Lemmas 21, 24 and 27 it follows that pi(K) ∈ {p}.
Lemma 28. S is a group of Lie type over the field of characteristic p.
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Proof. From Lemmas 25 and 26 it follows that S is a group of Lie type. Let t be the
characteristic of the field over which S is given. From Lemma 16, it follows that |S| < |S|3t .
It follows from Lemmas 22, 24 and 27 that |G| is divisible by (k1(q)k2(q))
4(k4(q))
2k3(q)k6(q).
Lemma 17 implies that t 6∈ R3(q) ∪ R6(q). Assume that t ∈ R1(q) ∪ R2(q). If t ∈ R1(q) put
r ∈ R3(q)∪pi(S). If t ∈ R2(q) put r ∈ R6(q)∪pi(S). From Lemma 18 it follows that S contains
an element h such that (IndS(h))t = |S|t and (IndS(h))r < |S|r. Since G ∈ {r3(q), r6(q)}
∗,
we obtain (IndS(h))r = 1. It follows from Lemma 15 that (IndS(h))t ≤ 4(ki(q))
2
t , where i is
such that t ∈ Ri(q); a contradiction with Lemma 17.
Assume that t ∈ R4(q). From Lemma 7 it follows that S contains an element h such
that (IndG(h))t′ = |G|t′. Using Lemma 15 we obtain α2 < |G|2 for any α ∈ N(G) such that
αr4(q) < |G|r4(q); a contradiction. Thus, t = p.
Lemma 29. S ≃ D4(q).
Proof. It follows from Lemmas 21, 24, and 27 that |G| is a multiple of |L|p′, in particular
|L|p ≥ |S|p. Lemma 28 implies that S is a group of Lie type over the field of characteristic
p. From Lemmas 13 and 14, it follows that any Sylow t-subgroup of G is cyclic, where
t ∈ R3(q) ∪ R6(q). It follows from Lemma 20 that the Hall R3(q)-subgroup and R6(q)-
subgroup of G are cyclic. It follows from Lemma 22 that k3(q)k6(q) divides |S|. Hence ki(q)
divides the order of some maximal torus, where i ∈ {3, 6}. Let a be a maximal number such
that the set pi(S) ∩ Ra(p) is not empty. From Lemma 21 and the fact that pi(S) ≤ pi(L) it
follows that a = 6n. We have |S|p ≤ |L|p = p
2a.
Assume that S ≃ Am(p
l). The maximal number b such that Rb(p) ⊆ pi(S) is equal to
l(m + 1). We have b = a = l(m + 1), |S|p = p
lm(m+1)/2 = pam/2 ≤ p2a. Thus, m ≤ 4 and
l = 6n/m. From the fact that |S|p′ ≤ |L|p′ ≤ |Aut(S)|p′, it is easy to get a contradiction.
Assume that S ≃ 2Am(p
l). We have a = 2lm if m is even and a = 2l(m+1) if m is odd,
|S|p = p
lm(m+1)/2. Thus, m ≤ 7 and l = 3n/m if m is even and l = 3n/(m+ 1) if m is odd.
From the fact that |S|p′ ≤ |L|p′ ≤ |Aut(S)|p′, it is easy to get a contradiction.
Assume that S ≃ Bm(p
l) or S ≃ Cm(p
l). We have a = 2lm, |S|p = p
lm2 = pam/2 ≤ p2a.
Thus, m ≤ 4 and l = 3n/m. From the fact that |S|p′ ≤ |L|p′ ≤ |Aut(S)|p′, it is easy to get a
contradiction.
Assume that S ≃ 2B2(p
l). We have a = 4l, |S|p = p
2l. Hence l = 3n/2. Thus,
|Aut(S)|p′ < q(q − 1)(q
3 + 1); a contradiction with the fact that q12 < |L|p′ ≤ |Aut(S)|p′.
Similarly show that S can not be isomorphic to 3D4(p
l), G2(p
l), 2G2(p
l), F4(p
l), 2F4(p
l).
Assume that S ≃ Dm(p
l), where m ≥ 4. We have a = 2l(m − 1), |S|p = p
lm(m−1) =
pam/2 ≤ p2a. Thus, m ≤ 4. Hence, l = n and S ≃ L.
Assume that S ≃ 2Dm(p
l). We have a = 2lm, |S|p = p
lm(m−1) = pa(m−1)/2 ≤ p2a. Thus,
m ≤ 5. From the fact that |S|p′ ≤ |L|p′ ≤ |Aut(S)|p′, it is easy to get a contradiction.
Assume that S ≃ εEα(p
l), where α ∈ {6, 7, 8}, if α = 6 then ε ∈ {+,−} otherwise α is
the empty symbol. In this case it is easy to show that |S|p > |L|p; a contradiction.
Lemma 30. G ≃ L
Proof. From Lemma 29 it follows that S ≃ L. Assume that K is not trivial. From Lemmas
21, 24, and 27 it follows that K is a p-group. Take h ∈ S is an element of order k6(q). Since
r6(q) is not adjacent to p in the graph GK(S), we obtain (IndS(h))p = |S|p = |L|p. Let
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h′ ∈ G be the preimage of the element h. If h′ acts non trivially onK then (IndG(h
′))p > |L|p;
a contradiction. Thus h′ acts trivially on K. Hence any element conjugate to h′ acts trivially
on K. Since S is a simple group, the minimal preimage H of S is contained in CG(K). Hence
for any x ∈ K we have (IndG(x))R3(q)∪R6(q) = 1; a contradiction with Lemma 5. Thus K is
trivial.
From Lemma 8 we obtain S = G.
The proposition 1 is proved.
3 Proof the Theorem for groups D8(q)
Proposition 2. Let L = D8(q), where q = p
n. If G is a group with trivial centre and
N(G) = N(L) then G ≃ L.
Lemma 31. G ∈ {r7(q), r14(q)}
∗
Proof. The assertion of the lemma follows from Lemma 15.
Lemma 32. A Hall R7(q)-subgroup and R14(q)-subgroup of G exists and is abelian.
Proof. Note that 2, 3, 5 6∈ R7(q) ∪ R14(q). It follows from Lemmas 31 and 5 that for any
r ∈ R7(q) ∪ R14(q) a Sylow r-subgroup of G is abelian. Hence for any r-element h we have
(IndG(h))r = 1. It follows from Lemma 15 that (IndG(h))Ri(q) = 1, where i such that
r ∈ Ri(q). It follows from Lemma 9 that the Hall Ri(q)-subgroup exists and is abelian.
Lemma 33. The group G includes a normal subgroup K such that S ≤ G = G/K ≤ Aut(S),
where S is non abelian simple group, and |G| is a multiple of k7(q)k14(q).
Proof. Let G˜ = G/O(R7(q)∪R14(q))′ . Suppose that G˜ include non-trivial solvable minimal
normal subgroup X . We have pi(X) ⊆ Ri(q), where i ∈ {7, 14}. Take a Hall Rj(q)-subgroup
H of G˜, where j ∈ {7, 14} \ {i}. Therefor XH is a Frobenius group with kernel X . Hence
N(G˜) contains a number is multiple of |X|. It follows that |X| divides ki(q). Since X is
a Frobenius kernel of XH , we obtain |X| − 1 is multiple of |H|. It follows from |H| =
|G|Rj(q) ≥ |L|Rj(q) = kj(q) that kj(q) divides ki(q); a contradiction with Lemma 2.
Let R be the socle of G˜. We get that R = S1 × ...× Sk, where S1, ..., Sk are non abelian
simple groups. Assume that k > 1. It follows from the definition that the order of Sh
is multiple of some number of R7(q) ∪ R14(q), for every 1 ≤ h ≤ k. Note that ω(G˜) ⊆
ω(G). Hence R contains no element of order tr, where t ∈ R7(q) and r ∈ R14(q). Thus,
pi(R)∩ (R7(q)∪R14(q)) ⊆ Ri(q), where i ∈ {7, 14}. The S1 contains an element g such that
(IndR(g))R7(q)∪R14(q) = |S1|R7(q)∪R14(q). We have 1 < (IndS1(g))R7(q)∪R14(q) < |R|R7(q)∪R14(q).
Similarly, as in Lemma 8 we can shows that |R| = |R||. In particular |R|R7(q)∪R14(q) >
(IndR(g))R7(q)∪R14(q); using Lemma 3 we get a contradiction.
Thus k = 1 and R ≤ G˜ ≤ Aut(R), where R is a simple group. Since |G|R7(q)∪R14(q) =
|G˜|R7(q)∪R14(q) we get k7(q)k14(q) divides |G˜.
Let S, G and K be similar as in Lemma 33.
Lemma 34. |Out(S)| is not a multiple of k7(q) and k14(q).
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Proof. Assume that there exists i ∈ {7, 14} such that ki(q) divides |Out(S)|. Since ri(q) > 13,
we get S can not be isomorphic to a sporadic group or an alternating group. Hence S is a
group of Lie type over a field of order l = tr of characteristic t. From Lemmas 8 and 3 it
follows that |S| divides |G||. Since |G|| = |L||, we obtain |S| divides |L|. In particular, for
any k ∈ pi(S), we have |S|k ≤ |L|k.
From 2, 3 6∈ Ri(q), it follows that ki(q) divides order of the field automorphisms group of
S. Hence l ≥ tki(q). It follows from Lemma 2 that ki(q) ∈ {(q
7 − 1)/((7, q− 1)(q− 1)), (q7+
1)/((7, q+1)(q+1)}. Note that for any k ∈ pi(L), we have |L|k < |L|p and |L|p = q
56. Since
q > 3, we have |S|t ≥ t
ki(q) > q56 = |L|p; a contradiction.
Lemma 35. The number |G|/|S| is not a multiple of ri(q), where i ∈ {7, 14}.
Proof. Assume that there exists ri(q) ∈ pi(|G|/|S|), where i ∈ {7, 14}. Take a Hall Ri(q)-
subgroup H of G. We have for every h ∈ G, (IndG(h))Ri(q) = 1 or (IndG(h))Ri(q) = ki(q).
Using Lemma 12, we obtain |H| divides |S| or |G|/|S|. Since ri(q) divides |G|/|S|, we see
that ki(q) divides |G|/|S|; a contradiction with Lemma 34.
Lemma 36. R8(q) ∩ pi(K) = ∅.
Proof. Assume that R8(q) ∩ pi(K) 6= ∅. Let ˜ : G → G/OR8(q)′(K) be a natural homomor-
phism, R < G˜ be a minimal normal subgroup. Take h ∈ G such that pi(|h|) ⊆ R14(q). It
follows from Lemma 34 that h ∈ S, where h ∈ G is the image of the element h. By the
definition we have |pi(R)∩R8(q)| 6= ∅. If R is not solvable, then it is easy to show that R con-
tains an R8(q)-element x such that (IndG˜(x))R7(q) < |G|R7(q) and (IndG˜(x))R14(q) < |G|R14(q).
We have pi(|x|) ∩ pi(OR8(q)′(K)) = ∅. It follows from Lemma 3 that G contains y such that
(IndG(y))R7(q)∪R14(q) = 1; a contradiction with the fact that G ∈ {r7(q), r14(q)}
∗ and Lemma
5. Hence, R is an elementary Abelian r-group, where r ∈ R8(q). Assume that CR(h) > 1.
Let x ∈ CR(h). Then (IndG˜(x))R14(q) = 1. It follows from Lemma 15 that for any α ∈ N(G)
such that αR14(q) = 1, we have αR8(q) = |L|R8(q). Therefor (IndG˜(hx))R8(q) = (IndG˜(x))R8(q).
Thus CG˜(h) contains a some Sylow r-subgroup of CG˜(x). In particular, h acts trivially on R.
Since R is normal subgroup of G˜, we obtain any element conjugate with h acts trivially on
R. In particular, the minimal preimage H < G˜ of S acts trivially on R. If |S|R7(q) > 1, then
G contains an element y such that IndG(y)R7(q)∪R14(q) = 1; a contradiction. Thus, |G/S| is
a multiple of k7(q); a contradiction with Lemma 34.
Therefor CR(h) = 1. Thus, |R| divides IndG˜(h). Since (IndG˜(h))r ≤ |L|r, we obtain
|R| ≤ (k8(q))
2. The group H acts faithfully on R. Hence |R| − 1 ≥ |H|. From Lemma 35
we get that |H| ≥ 4k7(q)k14(q) > (k8(q))
2; a contradiction.
Lemma 37. The group S is not isomorphic to an alternating group.
Proof. Assume that S ≃ Altm for some m > 5. Since S is divided by r14(q) > 13, we
get m > 13. Therefor |Out(S)| = 2. From Lemma 32, it follows that the Hall R7(q)- and
R14(q)-subgroups are abelian. It follows from Lemmas [35] and [47] that the Hall pi-subgroup
of Altm is abelian only if |pi ∩ pi(Altm)| = 1. Thus, m ≥ ki(q), where i ∈ {7, 14}. Hence
|S| > |L|; a contradiction.
Lemma 38. The group S is not isomorphic to any of the sporadic groups.
Proof. The assertion of the lemma follows from the fact that k28(q)k7(q)k14(q) divides |G|,
|G| divides |L| and [23].
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Lemma 39. pi(K) ⊆ {p, 2} ∪R4(q).
Proof. Assume that rj(q) ∈ pi(K), where j 6= 4 and rj(q) 6= 2. From Lemmas 33 and 36 it
follows that j 6∈ {7, 8, 14}. Let R = Or′j(G), X E K/R be the minimal normal subgroup.
Similarly, as in the Lemma 22, we can show thatX is an elementary abelian group. Let i = 14
if j = 2 in the another case i = 7. It follows from Lemmas 13 and 14 that every s-subgroup
of G is cyclic, where t ∈ R7(q)∪R14(q). It follows from Lemma 32 that the Hall R7(q)- and
R14(q)-subgroups of G are cyclic. Let H ∈ HallRi(q)(G/R), and h ∈ H be the generating
element. Then h acts regularly on [X,H ]. Hence (IndG/R(h))rj(q) > |[X,H ]| ≥ ki(q) + 1. if
j ∈ {3, 6, 5, 10, 12} then ki(q) > |L|rl(q); a contradiction. If j ∈ {1, 2} and rj(q) 6= {2}, then
(IndG/R(h))rj(q) ≤ (kj(q))
6 < ki(q); a contradiction.
Lemma 40. The S is a group of Lie type over the field of characteristic p.
Proof. From Lemmas 37 and 38 it follows that S is a group of Lie type over a field of order
tm for some prime t. The assertion of the lemma follows from the fact that |G| < |S|3t t
m and
Lemmas 33, 36, 39.
Lemma 41. S ≃ D8(q).
Proof. It follows from Lemmas 33, 36, and 39 that |G| is a multiple of |L|({p,2}∪R4(q))′ . Lemma
40 implies that S is a group of Lie type over the field of characteristic p. From Lemmas 13
and 14, it follows that any Sylow t-subgroup of G is cyclic, where t ∈ R7(q) ∪ R14(q). It
follows from Lemma 32 that the Hall R7(q)-subgroup and R14(q)-subgroup of G are cyclic.
It follows from Lemma 35 that k7(q)k14(q) divides |S|. Hence ki(q) divides the order of some
maximal torus, where i ∈ {7, 14}. Let a be a maximal number such that the set pi(S)∩Ra(p)
is not empty. From Lemma 21 and the fact that pi(S) ≤ pi(L) it follows that a = 14n. We
have |S|p ≤ |L|p = p
4a.
Assume that S ≃ Am(p
l). We have a = l(m+ 1), |S|p = p
lm(m+1)/2 = pam/2 ≤ p4a. Thus,
m ≤ 8 and l = (14n− 1)/m. Thus S contains a torus of order (q14 − 1)/(m+ 1, pl − 1). In
particular S contains an element of order rn7(p)rn14(p); a contradiction with Lemma 31.
Assume that S ≃ 2Am(p
l). We have a = 2l(m+1) if m is even and a = 2lm if m is odd,
|S|p = p
lm(m+1)/2. Thus, m ≤ 8 and l = 3n/m if m is even and l = 3n/(m+ 1) if m is odd.
It is easy to obtain a contradiction from the fact that |Aut(S)|p′ > |L|({p,2}∪R4(q))′ .
Assume that S ≃ Bm(p
l) or S ≃ Bm(p
l). We have a = 2lm, |S|p = p
lm2 = pam/2 ≤ p2a.
Thus, m ≤ 4 and l = 3n/m. From the fact that |S|p′ ≤ |L|({2,p}∪R4(q))′ ≤ |Aut(S)|p′, it is
easy to obtain a contradiction.
Assume that S ≃ 2B2(p
l). We have l ≤ a < 4l, |S|p = p
2l. Hence 14n ≤ l < 7n/2.
Thus, |Aut(S)|p′ < q(q−1)(q
2+1); a contradiction with the fact that q12 < |L|({2,p}∪R4(q))′ ≤
|Aut(S)|p′.
Similarly show that S can not be isomorphic to 3D4(p
l), G2(p
l), 2G2(p
l), F4(p
l), 2F4(p
l).
Assume that S ≃ Dm(p
l). We have a = 2l(m− 1), |S|p = p
lm(m−1) = pam/2 ≤ p4a. Thus,
m ≤ 8. If m = 8 then l = n and consequently S ≃ L. Assume that m < 8. If m = 7 or
m = 5 then from Lemma 15 we yet that S 6∈ {r7(q), r14(q)}
∗. Therefor G 6∈ {r7(q), r14(q)}
∗, a
contradiction with Lemma 31. If m = 6 or m = 4 then |Aut(S)|({2,p}∪R4(q))′ < |L|({2,p}∪R4(q))′ ,
a contradiction.
Assume that S ≃ 2Dm(p
l). We have a = 2lm, |S|p = p
lm(m−1) = pa(m−1)/2 ≤ p4a. Thus,
m ≤ 9. From the facts that |S| ≤ |L| and |L|({2,p}∪R4(q))′ ≤ |Aut(S)|({2,p}∪R4(q))′ , it is easy to
get a contradiction.
Assume that S ≃ εEα(p
l), where α ∈ {6, 7, 8}, if α = 6 then ε ∈ {+,−} otherwise α is
the empty symbol. In this case it is easy to show that |S|p > |L|p; a contradiction.
Lemma 42. G ≃ L
Proof. From Lemma 41 it follows that S ≃ L. Assume that K is not trivial. From Lemmas
33, 36, and 39 it follows that K is a {2, p}∪R4(q)-group. Take h ∈ S is an element of order
k14(q). Since r14(q) is not adjacent to p in the graph GK(S), we obtain (IndS(h))p = |S|p =
|L|p. Assume that p ∈ pi(K). Let G˜ = G/Op′(G), h
′ ∈ G˜ be the preimage of the element
h. If h′ acts non trivially on Op(G˜) then (IndG˜(h
′))p > |L|p; a contradiction. Thus h
′ acts
trivially on Op(G˜). Hence any element conjugate to h
′ acts trivially on Op(G˜). Since S is
a simple group, the minimal preimage H < G˜ of S is contained in CG(Op(G˜)). Hence for
any x ∈ Op(G˜) we have (IndG˜(x))R3(q)∪R6(q) = 1. Since p is not divisible Op′(G), we obtain
that G contain x′ such that (IndG(x
′))R3(q)∪R6(q) = 1; a contradiction with Lemma 5. Thus
p 6∈ pi(K). Similarly, we can show that K is trivial.
From Lemma 8 we obtain S = G.
References
[1] N. Ahanjideh, On Thompson’s conjecture for some finite simple groups. J. Algebra 344
(2011), 205–228.
[2] N. Ahanjideh, Thompson’s conjecture for some simple groups with a connected prime
graph. (Russian) Algebra Logika 51:6 (2012), 683–721, 807, 810 (2013); translation in
Algebra Logic 51:6 (2013), 451–478.
[3] N. Ahanjideh, M. Ahanjideh, M. On the validity of Thompson’s conjecture for finite
simple groups. Comm. Algebra 41:11 (2013), 4116–4145.
[4] N. Ahanjideh, On the Thompson’s conjecture on conjugacy classes sizes. Internat. J.
Algebra Comput. 23:1 (2013), 37–68.
[5] N. Ahanjideh, Thompson’s conjecture for finite simple groups of Lie type Bn and Cn. J.
Group Theory 19:4 (2016), 713–733.
[6] N. Ahanjideh, Thompson’s conjecture on conjugacy class sizes for the simple group
PSUn(q). Internat. J. Algebra Comput. 27:6 (2017), 769–792.
[7] S. H. Alavi, A. Daneshkhah. A new characterization of alternating and symmetric groups,
Journal of Applied Mathematics and Computing, 17:1 (2005), 245–258.
[8] A. Beltran, M. J. Felipe, G. Malle, A. Moreto, G. Navarro, L. Sanus, R. Solomon, P. H.
Tiep, Nilpotent and abelian Hall subgroups in finite groups. Trans. Amer. Math. Soc.
368:4 (2016), 2497–2513.
[9] A. A. Buturlakin, M. A. Grechkoseeva, The cyclic structure of maximal tori of the finite
classical groups, Algebra and Logic, 46:2 (2007), 73–89.
[10] A. A. Buturlakin, Spectra of finite linear and unitary groups. Algebra Logic 47:2 (2008),
91–99.
14
[11] A. A. Buturlakin, Spectra of finite symplectic and orthogonal groups. Siberian Adv.
Math. 21:3 (2011), 176–210.
[12] A. A. Buturlakin, Spectra of the finite simple groups E6(q) and
2E6(q). Algebra Logic
52:3 (2013), 188–202.
[13] A.A. Buturlakin, Spectra of the finite simple groups E7(q). Sib. Math. J. 57:5 (2016),
769–777.
[14] A. Camina, R. Camina, A Note on Some Properties of the Least Common Multiple
of Conjugacy Class Sizes, Proceedings of the International Conference on Algebra 2010,
103–108, World Sci. Publ., Hackensack, NJ, 2012.
[15] R. W. Carter, Conjugacy classes in the Weyl group, Compositio Mathematica, 25:1
(1972), 1–59.
[16] R. W. Carter, Centralizers of semisimple elements in the finite classical groups, Proc.
London Math. Soc., 42:1 (1981), 1–41.
[17] R. W. Carter, Finite Groups of Lie Type: Conjugacy Classes and Complex Characters,
Pure and Applied Mathematics (New York) (1985).
[18] G. Y. Chen, On Thompsons Conjecture For sporadic groups, Proc. China Assoc. Sci.
and Tech. First Academic Annual Meeting of Youths, pp. 1-6, Chinese Sci. and Tech.
Press, Beijing, 1992.
[19] G. Y. Chen, A new characterization of sporadic simple groups. Algebra Colloq. 3:1
(1996), 4958.
[20] G. Y. Chen, On Thompson’s conjecture. J. Algebra 185:1 (1996), 184–193.
[21] G. Y. Chen, Further reflections on Thompson’s conjecture. J. Algebra 218:1 (1999),
276–285.
[22] G. Y. Chen, Characterization of 3D4(q), Southeast Asian Bull. Math. 25:3 (2001), 389–
401.
[23] J. H. Conway, R. T. Curtis, S. P. Norton, R. A. Parker, R. A. Wilson, Atlas of finite
groups, Oxford: Clarendon Press, 1985.
[24] M. R. Darafsheh, Characterization of the groups Dp+1(2) and Dp+1(3) using order com-
ponents, J. Korean Math. Soc. 47:2 (2010), 311–329.
[25] D. Deriziotis, Conjugacy classes and centralizers of semisimple elements in finite groups
of Lie type, Vorlesungen aus dem Fachbereich Mathematic der Universitat Essen, 1984,
Heft 11.
[26] The GAP Group, GAP — Groups, algorithms, and programming. Version 4.4. 2004
(http://www.gap-system.org).
[27] D. Gorenstein, Finite groups, New York-London (1968).
15
[28] I. B. Gorshkov, Thompsons conjecture for simple groups with connected prime graph,
Algebra Logic, 51:2 (2012), 111–127.
[29] I. B. Gorshkov, Toward Thompsons conjecture for alternating and symmetric groups,
J. Group Theory, 19:2 (2016), 331–336.
[30] I. B. Gorshkov, On Thompson’s conjecture for alternating and symmetric groups of
degree more then 1361, Proceedings of the Steklov Institute of Mathematics, 293:1 (2016),
58–65.
[31] I. B. Gorshkov, On Thompson’s conjecture for alternating groups of large degree. J.
Group Theory 20:4 (2017), 719–728.
[32] I. B. Gorshkov, Thompson’s conjecture for alternating group, arXiv:1611.05526.
[33] I. B. Gorshkov, I. Kaygorodov, A. Kukharev, A. Shlepkin, On Thompson’s conjecture
for finite simple exceptional groups of Lie type, arXiv:1707.01963.
[34] I. B. Gorshkov, On the connection between order of a finite group and the set of con-
jugacy classes size, arXiv:1804.04594.
[35] P. Hall, Theorems like Sylow’s, Proc. London Math. Soc. 6:3 (1956), 286–304.
[36] A. Iranmanesh, B. Khosravi, A characterization of F4(q) where q is an odd prime power,
Lecture Notes London Math. Soc., 304 (2003) 277–283.
[37] A. V. Vasil’ev, On Thompson’s conjecture, Siberian electronic mathematical reports, 6
(2009), 457–464.
[38] A. V. Vasilev, E. P. Vdovin, An Adjacency Criterion for the Prime Graph of a Finite
Simple Group, Algebra and Logic, 44:6 (2005), 381–406.
[39] A. V. Vasil’ev, On finite groups isospectral to simple classical groups. (English summary)
J. Algebra 423 (2015), 318–374.
[40] B. Khosravi, B. Khosravi, A characterization of E6(q), Algebras, Groups and Geom.,
19 (2002) 225–243.
[41] B. Khosravi and B. Khosravi, A characterization of 2E6(q), Kumamoto J. Math., 16
(2003) 1–11.
[42] A. S. Kondratiev, On prime graph components for finite simple groups, Mat. Sb., 180:6
(1989), 787–797.
[43] S. Liu, On Thompson’s conjecture for alternating group A26, Italian Journal of Pure
and Applied Mathematics, 32 (2014), 525–532.
[44] V. D. Mazurov, E. I. Khukhro, Eds., The Kourovka Notebook: Unsolved Problems in
Group Theory, Russian Academy of Sciences Siberian Division, Institute of Mathematics,
Novosibirsk, Russia, 18th edition, (2014), -253.
[45] G. Navarro, P. H. Tiep, Abelian Sylow subgroups in a finite group, J. Algebra. 398
(2014), 519–526.
16
[46] M. Roitman, On Zsigmondy primes, Proc. Amer. Math. Soc. 125:7 (1997), 1913–1919.
[47] J. G. Thompson, Hall subgroups of the symmetric groups, J. Combin. Theory. Ser. 1:2
(1966), 271–279.
[48] L. Wang, W. Shi, On Thompson’s conjecture for almost sporadic simple groups. J.
Algebra Appl. 13:2 (2014), 1350089, 10 pp.
[49] J. Williams, Prime graph components of finite groups. J. Algebra. 69:2 (1981), 487–513.
[50] M. Xu, Thompson’s conjecture for alternating group of degree 22, Frontiers of Mathe-
matics in China, 8:5 (2013), 1227–1236.
[51] M. Xu, W. Shi, Thompson’s conjecture for Lie type groups E7(q). Sci. China Math.
57:3 (2014), 499–514.
[52] K. Zsigmondy, Zur Theorie der Potenzreste, Monatsh. Math. Phys. 3 (1892), 265–284.
17
